
Journal of Mathematical Sciences: Advances and Applications 
Volume 4, Number 1, 2010, Pages 191-199 

2010 Mathematics Subject Classification: 28A35.
 Keywords and phrases: uncertainty theory, possibility measure, product possibility space, 

fuzzy variable, fuzzy vector, independence. 

Received October 12, 2009 

 2010 Scientific Advances Publishers 

POSSIBILITY MEASURE, PRODUCT  
POSSIBILITY SPACE AND THE  
NOTION OF INDEPENDENCE   

KAKUZO IWAMURA and MASAYUKI KAGEYAMA 

Department of Mathematics 
Josai University 
Saitama 
Japan 
e-mail: kiwamura@josai.ac.jp 

The Institute of Statistical Mathematics 
Tokyo 
Japan 

Abstract 

This paper discusses possibility measure, product possibility space, and the notion 
of independence in their full details. 

1. Introduction 

Fuzzy set was first introduced by Zadeh [26] in 1965. This notion has 
been very useful in human decision making under uncertainty. We can 
see lots of papers, which use this fuzzy set theory in Iwamura and Liu [3], 
[4], Liu and Iwamura [12], [13], [16], Ji et al. [9], Gao and Iwamura [2], 
Wang and Iwamura [24], Wen and Iwamura [25], and others. We also 
have some books on fuzzy decision making under fuzzy environments 
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such as Dubois and Prade [1], Zimmermann [28], Sakawa [23], Kacprzyk 
[10], Liu and Esogbue [14]. 

Recently, Liu has founded a frequentionist fuzzy theory with huge 
amount of applications in fuzzy mathematical programming. We see it in 
books such as Liu [15], [18], [19]. In his book [19] published in 2004, Liu 
[19] has succeeded in establishing an axiomatic foundation for 
uncertainty theory, where they proposed a notion of independent fuzzy 
variables. 

In this paper, we discuss on possibility axioms, construct product 
possibility space, and show that we not only have finitely many 
independent fuzzy variables [5], but also we have finitely many 
independent fuzzy vectors in a wide sense. 

The rest of the paper is organized as follows. The next section 
provides a brief review on the results of possibility measure axioms with 
definitions of fuzzy variables, fuzzy vectors, independence of the two. 
Section 3 presents how we can get finitely many independent fuzzy 
vectors under possibility measures. 

2. Possibility Measure and Product Possibility Space 

We start with the axiomatic definition of possibility measure given by 
Liu [19] in 2004. Let Θ  be an arbitrary nonempty set, and let ( )Θ-  be 

the power set of .Θ  

The three axioms for possibility measure are listed as follows: 

Axiom 1. { } .1Pos =Θ  

Axiom 2. { } .00Pos =/  

Axiom 3. { } { },PossupPos iiii AA =U  for any collection { }iA  in ( ).Θ-  

We call Pos a possibility measure over ( ),Θ-  if it satisfies these three 

axioms. We call the triplet ( )( )Pos,, ΘΘ -  a possibility space. 



POSSIBILITY MEASURE, PRODUCT POSSIBILITY … 193

Theorem 2.1 (Liu [19]). Let iΘ  be nonempty sets on which {}⋅iPos  

satisfy the three axioms, ,,,2,1 ni L=  respectively, and let =Θ  

.21 nΘ××Θ×Θ L  Define {}⋅Pos  by 

{ } =APos  

( )
{ } { } { },PosPosPossup 2211

,,, 21
nn

An
θθθ

∈θθθ
 L

L
 (2.1) 

for each ( ),Θ∈ -A  where we use ba   in place of { }.,min ba  Then, 

{}⋅Pos  satisfies the three axioms for possibility measure. 

Therefore, a newly defined triplet ( )( )Pos,, ΘΘ -  is a possibility space. 

{}⋅Pos  is a possibility measure on ( ).Θ-  We call it product possibility 

measure derived from ( {} ( )) .,,1,,Pos, niiii L=Θ⋅Θ -  We call 

( )( )Pos,, ΘΘ -  the product possibility space derived from ( ii Pos,Θ  

{} ( )) .,,1,, nii L=Θ⋅ -  

We show some lemmas to give detailed proof lines for this Theorem 
2.1. 

Lemma 2.1. Let 10 ≤≤ ia  and let ,0>  for .1 ni ≤≤  Then, we get 

( ) ( ) ( ) .2121 nn aaaaaa  LL +≤+++  (2.2) 

Lemma 2.2. Let ( )iiA Θ∈ -  for .1 ni ≤≤  Then, we get nAA ××L1  

( ),Θ∈ -  and 

{ } { } { } { }.PosPosPosPos 22111 nnn AAAAA  LL =××  (2.3) 

Lemma 2.3. {}⋅Pos  on ( )Θ-  at (2.1) is monotone with respect to set 

inclusion, i.e., for any sets ( )Θ∈ -BA,  with ,BA ⊂  we get 

{ } { }.PosPos BA ≤  (2.4) 

Proof of Theorem 2.1. 

{ } ,1Pos =Θ  (2.5) 

and 
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{ } ,00Pos =/  (2.6) 

trivially hold. 

Let { }iA  be any collection of ( ).Θ-  By definition of {},Pos ⋅  we get 

{ }
( )

{ } { },PosPossupPos 11
,,1

nn
A

ii
iin

A θθ=
∈θθ

LU
UL

 (2.7) 

and 

{ }
( )

{ } { } .PosPossupsupPossup 11
,,1









θθ=

∈θθ
nn

Ai
i

i in
A L

L
 

Let ( ) { } { }( ) .PosPossupsup 11,,1 bnnAi in =θθ∈θθ LL  Then, we get 

( )
{ } { } bnn

Ain
≤θθ

∈θθ
PosPossup 11

,,1
L

L
 for any i,  (2.8) 

and for any ,0>  there exists ( )i  such that 

( ) ( )
{ } { }( ) .PosPossup 11

,,1
bb nn

Ain
≤θθ<−

∈θθ



L

L
 (2.9) 

From (2.9), for this arbitrarily positive ,0>  we see that there exists 

( ) ( )( )kki
d
n

dd AA UL ⊂∈θθ=θ  ,,1 ,,  such that 

( ) ( )
{ } { }( ) { } { }d

nn
d

nn
Ain

 


,,1111
,,

PosPosPosPossup
1

θθ<−θθ
∈θθ

LL
L

 

(2.10) 

holds. So, (2.10) with (2.9) leads to 

( ) ( )
{ } { }( ) { } { }.PosPosPosPossup2 ,,1111

,,1

d
nn

d
nn

Ain
b  


θθ<−θθ<−

∈θθ
LL

L

 

(2.11) 

On the other hand, for any ( ) ,,,1 kk
d
n

d AUL ∈θθ  there exists di0  such 

that ( ) .,,
0

1 di
d
n

d A∈θθ L  Using (2.8), we get 
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{ } { }
( )

{ } { },~Pos~PossupPosPos 11~,,~11

0
1

nn
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L

 

i.e., 

{ } { } .PosPos 11 bd
nn

d ≤θθ L  (2.12) 

Therefore, by (2.11) and (2.12), we get ( ) { }d
Akk

d
n

db 11,, Possup
1

θ=
∈θθ UL

 

{ },Pos d
nn θL  which tells us that 

( )
{ } { } =








θθ

∈θθ
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,,1
L
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( )
{ } { },PosPossup 11

,,1
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holds. 

Let iΘ  be an arbitrary non empty set for ,,,1 ni L=  Θ  be the 

Cartesian product of nΘΘ ,,1 L  and {}⋅Pos  be any possibility measure on 

( ).Θ-  Define a set function {}⋅iP  on ( )iΘ-  by 

{ } { },Pos 111 niii BBP Θ××Θ××Θ××Θ= +− LL  (2.13) 

( ) .,,1, niB i L=Θ∈ -  Then, we get 

Theorem 2.1. {}⋅iP  on ( )iΘ-  satisfies Axioms 1, 2, and 3. Therefore, 

{}⋅iP  is a possibility measure on ( )iΘ-  for .,, ni L  

Proof. { } 1=ΘiiP  and { } 00 =/iP  are trivial. For any collection { }jB  

in ( ) { }nijjii B Θ××Θ××Θ××ΘΘ +− LUL 111,-  is a collection in 

( ).Θ-  So, we get 

{ } { }nijjijji BBP Θ××Θ××Θ××Θ= +− LULU 111Pos  

{ }{ }nijij B Θ××Θ××Θ××Θ= +− LLU 111Pos  
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{ }niji
j

B Θ××Θ××Θ××Θ= +− LL 111Possup  

{ }.sup ji
j

BP=  

Let ( ( ) {})⋅ΘΘ iii Pos,, -  be a possibility space, which satisfies Axioms 1, 
2, and 3 for each .1, nii ≤≤  Let .1 nΘ××Θ=Θ L  Define a set function 

{}⋅Pos  by { } ( ) { } { } { },PosPosPossupPos 2211,,1 nnAnA θθθ= ∈θθ  LL  

where ( ).Θ∈ -A  Then, we get 

Corollary 2.1. { } { } ( )iii BBBP Θ∈= -,Pos  holds for .,,2,1 ni K=  

A fuzzy variable is defined as a function from Θ  of a possibility space 
( )( )Pos,, ΘΘ -  to the set of reals .R  An n-dimensional fuzzy vector is 

defined as a function from Θ  of a possibility space ( )( )Pos,, ΘΘ -  to an 

n-dimensional Eucledian space .nR  Let ξ  be a fuzzy variable defined on 

the possibility space ( )( ).Pos,, ΘΘ -  

Then its membership function is derived through the possibility 
measure Pos by 

( ) { ( ) } .,Pos ℜ∈=θξΘ∈θ=µ xxx  (2.14) 

Theorem 2.2 (Liu [19]). Let [ ]1,0: →µ ℜ  be a function with sup 
( ) .1=µ x  Then, there is a fuzzy variable whose membership function is .µ  

The fuzzy variables mξξξ ,,, 21 L  are said to be independent, if and 
only if 

{ } { },Posmin,,2,1,Pos
1 iimiii BmiB ∈ξ==∈ξ

≤≤
L  

for any subsets mBBB ,,, 21 L  of the set of reals .R  The fuzzy vectors 
( )mii ≤≤1ξ  are said to be independent, if and only if 

{ } { },Posmin,,2,1,Pos
1 iimiii BmiB ∈==∈

≤≤
ξξ L  

for any subsets iB  of ( ).1 miin ≤≤R  Here after, we use ba   in place of 
{ }.,min ba  
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Note 2.1. We have fuzzy variables ,, 21 ξξ  which are not independent 
(Liu [19]). Let { } { } { } ,8.0Pos,1Pos,, 2121 =θ=θθθ=Θ  and define 

21, ξξ  by 

( ) ( )




θ=θ
θ=θ

=θξ




θ=θ
θ=θ

=θξ
.2

1
2

2

1
1 if,0

,if,1
,if,1
,if,0

 

Then, we have { } { } { }1Pos18.000Pos1,1Pos 121 =ξ=≠=/==ξ=ξ   
{ }.1Pos 2 =ξ  

3. Finitely Many Independent Fuzzy Vectors 

Let iξ  be a fuzzy vector from a possibility space ( )( )iii Pos,, ΘΘ -  to 

the th-il  dimensional Eucledian space ,ilR  for .,,2,1 ni L=  Define Θ  
by 

,21 nΘ×Θ×Θ=Θ L  (3.1) 

and iξ
~  on Θ  by 

( ) ( ) ( ) .1,,,,anyfor,~
21 niniii ≤≤Θ∈θθθ=θθξ=θ Lξ  (3.2) 

For any subset iB  of ,ilR  we get [8]. 

Theorem 3.1. The fuzzy vectors ( )nii ≤≤1~ξ  given above are 

independent fuzzy vectors, i.e., 

{ ( ) ( )} { } { } { }.~Pos~Pos~Pos1~Pos 2211 nnii BBBniB ∈∈∈=≤≤∈θ ξξξξ  L

 

(3.3) 

4. Conclusion 

We have shown that Axiom 4 in Liu [19] can be proved through 
Axioms 1, 2, and 3. We have proved the fact that there exists finitely 
many independent fuzzy vectors. Through these proofs, we have shown 
that for possibility measures existence of finitely many independent fuzzy 



KAKUZO IWAMURA and MASAYUKI KAGEYAMA 198

vectors depends on product possibility space. Although, the notion of 
independence was discovered by Zadeh and others [27] under the term of 
“noninteractiveness” or “unrelatedness”, our notion of independence 
through product possibility space have brought about a grand world of 
fuzzy process, hybrid process, and uncertain process of Liu [21]. 
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